Abstract-Though continuous-time sliding mode control has a variety of desirable properties, its discrete-time counterpart does not guarantee the same performance. This is due to the fact that most of the discrete-time sliding mode control algorithms are based on reaching laws that are only approximations of continuous-time reaching laws and thus may not give a performance close to continuous-time sliding mode control. This paper presents a method of multirate output feedback based discrete-time control design which guarantees the closest possible performance for a pre-designed continuous-time sliding mode control algorithm.
I. INTRODUCTION
Sliding mode control theory [1] has been the subject of vigorous study during the past few years. The concept of sliding mode involves achieving desired system dynamics, by confining the system to a sub-manifold or subspace of the state space. Researchers have suggested a variety of approaches to obtain this goal [2] , [3] . The advantage of sliding mode control over other control strategies is that when the system is confined to the said sub-manifold, popularly termed as the sliding surface, the system is robust and insensitive to parameter uncertainties. This robustness has led to investigation of sliding mode control in the field of discrete-time systems also [4] , [5] . However, the invariance property present in continuous-time sliding mode is lost in discrete-time sliding mode, due to finite sampling frequency. The resulting motion is called as a quasi-sliding motion. The fact that quasi-sliding mode control is based on reaching laws approximated from continuous-time reaching laws forms the major cause for quasi-sliding mode control not emulating the response of continuous-time sliding mode control.
However, many of these shortcomings can be tackled or at least their effect minimized if the problem is tackled in a different manner. If, instead of approximating the reaching law, the digital control is so designed that it gives a system response close to that obtained through implementation of a continuous-time sliding mode control law, then the resultant discrete-time system would have a better performance as compared to one derived from a discrete-time reaching law. Such a technique of designing a discrete-time control law that gives a response equivalent to a continuous-time control algorithm is termed as digital redesign [6] , [7] . If the digital controller so designed has the control signal and the sensor output sampled at different rates then such a control is called [8] . Tomizuka and co-workers [9] , [10] had worked on digital redesign of multirate systems wherein the system state is used for the controller design and the control signal is sampled at a faster rate as compared to the system state. In this paper, we would be considering the case where the system output is used for the controller design and the control input sampling rate is slower as compared to the output sampling rate [11] . This paper proposes a method for the multirate output feedback based digital redesign of a continuous-time sliding mode control algorithm. The proposed algorithm would result in the system performance that is very close to that obtained by a continuous-time control algorithm. Further, since the algorithm is based on multirate output feedback, only the system outputs and past control inputs are used to compute the control input. This feature makes the proposed control algorithm more practical in comparison to state feedback based methods.
The organization of the paper is as follows. Section II reviews a reaching law based approach for design of continuous-time sliding mode control. Section III explains the proposed digital redesign of sliding mode control described in section II. The concept of multirate output feedback has been described in section IV. This is followed by an illustrative example and the conclusions.
II. CONTINUOUS-TIME SLIDING MODE CONTROL Consider the continuous-time LTI systeṁ
where x ∈ R n and u ∈ R, and the stable sliding surface s(t) = c T x(t) = 0 where s is a scalar function of x. Hung et. al [3] discussed a proportional plus constant rate reaching law approach to achieve sliding mode for the system (1). The reaching law is given aṡ
where q and are positive controller parameters. It can be easily verified that the reaching law in (2) satisfies the η-reachability condition [12] .
From (1) and (2), the control law that would bring about sliding mode in (1) can be computed to be
where The closed loop dynamics of the system (1) when the control (3) is applied to it, can be given aṡ
The aim of the paper is to design a discrete-time control algorithm that would drive the system trajectory close to that driven by the continuous-time sliding mode control law (3).
III. PROPOSED DIGITAL REDESIGN OF SLIDING MODE CONTROL ALGORITHM
Let the system (1) when sampled with a sampling period of τ sec be represented as
Remark 1: In case, A is singular, the matrix Γ τ can be computed by the following equation [13] .
The digital representation of the closed loop continuoustime system (4), sampled every τ sec, assuming that the sign of s does not change during the said interval, can be given as
If it is assumed that a discrete-time control of the form
is applied to the discrete-time system (5), the resultant closed loop system is
Thus, the condition for the discrete control (9) to give a discrete-time response equivalent to that obtained from the continuous-time controller (3) can be given as
Analyzing (6 and 8), the condition (11) can be reduced in the following manner.
However, the equality (13) can never be exactly realized because the left hand side of the equation is generically singular and the right hand side is generically non-singular.
Hence, an approximate solution should be computed.
Similarly, an approximate solution should also be obtained for (12) .
A. Closed Loop Stability of Discrete System
In addition to satisfying conditions (13 and 12), the controller parameters should be so designed such that the closed-loop discrete system is also stable. Hence, we obtain the condition
so that all the eigenvalues of the closed-loop discrete-time system are within the unit circle.
B. LMI formulation
It has been observed that (11 and 12) cannot be exactly realized and in order to assure system stability on digital redesign, an additional condition of (14) is required. In order to assure system stability while at the same time satisfying condition (13) as closely as possible, an LMI (linear matrix inequality) methodology is used. Conditions (13,12 and 14) are cast as linear matrix inequalities and the problem is given to an LMI solver. The problem can be cast into the following linear matrix inequalities.
where
The linear matrix inequality in (16) satisfies the equality condition in (13) . Condition (12) is satisfied by the linear matrix inequality (17). The closed loop stability condition for the system as specified in (14) is satisfied by the LMI (18).
The LMI optimization toolbox of MATLAB [14] is used for solving the linear matrix inequalities (15) (16) (17) (18) . A very tight bound on α and β would lead to the LMIs mot having any solution. The values of α and β are to be chosen so that the aforementioned linear matrix inequalities have a solution. Thus, there is a trade off between accuracy of solution and the existence of a viable solution.
IV. MULTIRATE OUTPUT FEEDBACK
It can be seen that both the continuous-time control law (3) and its digital redesign (9) are based on state feedback. However, complete state information is seldom available in any system. Hence, an output based digital redesign control algorithm should be developed.
Let the system (1) sampled at an interval Δ = τ/N, where N is an integer greater than the observability index [15] ν of the system, be represented by the triplet (Φ, Γ, C).
Then the system with input sampled at τ and output at Δ would be
where from the value of x(k) and x(k +1) may be calculated as 
Using the relationship in (20), the digital redesign in (9) can be converted to a multirate output feedback based digital redesign and the control can be computed as
Consider the continuous-time systeṁ
A continuous-time sliding mode controller is designed for this system with c T = 1 1 and controller parameters q = 2, = .5. The continuous-time control law is derived to be
For an input sampling time of τ = .2 sec and output sampling period of Δ = 0.1 sec, the multirate output feedback based digital redesign was calculated as
The comparative simulation results are given in Figs.  (1 and 2) . Fig. (1) gives the comparison of the sliding function trajectories of the system using the continuous-time sliding mode control algorithm and the proposed multirate digital redesign. It can be observed that the responses are very similar and are almost coincidental. The control inputs generated using the aforementioned control algorithms are compared in Fig. (2) . Here it can be seen that the digital redesign causes a control input different from the continuoustime control. However, this input makes the system trajectory coincide with the trajectory obtainable by a continuous-time sliding mode controller.
VI. CONCLUSION
A multirate output feedback based algorithm for the digital redesign of continuous-time sliding mode control has been proposed in this paper. The proposed algorithm causes the closed-loop trajectory of the resulting discrete-time control system to coincide with the trajectory obtainable using a continuous-time sliding mode control algorithm. Thus, the discrete-time system trajectory would have more of the robustness properties associated with continuous-time sliding mode control. It was also found that the deviation of the behaviour of the digital redesign from the continuous-time system, is of the order of the sampling time chosen for the controller implementation. Further, since the proposed control algorithm is based on output feedback, it is more practical in comparison to state feedback based control algorithms.
